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HARNACK TYPE INEQUALITY FOR AN ELLIPTIC EQUATION. 


SAMY SKANDER BAHOURA 


Abstract. We give a sup x inf inequality for an elliptic equation. 


1. Introduction and Main Results 

We are on Riemannian manifold (M, g) of dimension n > 3. In this paper we denote Ag = 
—V^ (Vg ) the Laplace-Beltrami operator and N = 

We consider the following equation 

(1) Agu = +m“, u > 0. 

Where Lisa function and a s] [. 

For a,b,A > 0, we consider a sequence {ui, Vi)i of solutions of the previous equation with 
the following conditions: 


0<a<Vi<b< + 00 , 


||VL,||oo< A 

Here we study some properties of this nonlinear elliptic equation. We try to hnd some esti¬ 
mates of type sup X inf. We denote by Sg the scalar curvature. 

There are many existence and compactness results which concern this type of equations, see 
for example [1-21]. In particluar in [1], we can hnd some results about the Yamabe equation and 
the Prescribed scalar curvature equation. Many methods where used to solve these problems, as 
a variationnal approach and some other topological methods. Note that the problems come from 
the nonlinearity of the critical Sobolev exponent. We can hnd in [1] some uniform estimates for 
various equations on the unit sphere or for the Monge-Ampere equation. Note that Tian and Siu 
proved uniform upper and lower bounds for the sup + inf for the Monge-Ampere equation under 
some condition on the Chern class, see [1]. In the case of the Scalar curvature equation and in di¬ 
mension 2 Shafrir used the isoperimetric inequality of Alexandrov to prove an inequality of type 
sup + inf with only L°“ assumption on the prescribed curvature, see [21]. The result of Shafrir 
is an extention of a result of Brezis and Merle, see [4] and later, Brezis-Li-Shafrir proved a sharp 
sup + inf inequality for the same equation with Lipschitzian assumption on the prescribed scalar 
curvature, see [3]. Li in[17] extend the previous last result to compact Riemannian surfaces. In 
the higher dimensional case, we can hnd in [15] a proof of the sup x inf inequality in the con¬ 
stant case for the scalar curvature equation on open set of MA. We have various estimates in [2] 
when we consider the nonconstant case. To prove our result, we use a blow-up analysis and the 
moving-plane method, based on the maximum principle and the Hopf Lemma as showed in [2, 
3, 15, 17], and a condition on the scalar curvature is sufficient to prove the estimate. 

Our main result is: 

Theorem 1.1. Assume Sg > 0 on M, then, for every compact K of M, there exist a positive 
constant c = c(a, a, 5, A, K, M, n, g) such that: 


sup Ui X inf Ui < c. 

K M 

Remark: in the case where {M,g) = (O C R",(5) an open set of the euclidean space with 
the hat metric, we have the same inequality on compact sets of O in this case the scalar curvature 
Ss = 0, see [2]. 
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If we consider the Green function G of the Laplacian with Dirichlet condition on small balls 
of M, we can have a positive lower bound for G and we have the following corollary: 

Corollary 1.2. Assume Sg > 0 on M, then, for every compact K of M, there exist a positive 
constant c' = c'(a, a, b, A, K, M, n, g) such that: 

/ uf-^dvg<c'. 

JK 

2. Proof of the theorem. 

Let us consider a;o G M, by a conformal change of the metric g = with p > 0 we 

can consider an equation of type: 


(2) AgU + R~gU = Vu^-^ + + Rgp'^-^u, u>0. 

with, 


Riccig{xo) = 0 . 
n — 2 


n — 2 _ 

77 7T and Rg = — — Sg 

4(n-l) 4(n-l) 


Here; Rg = 

It is clear see the computations in a previous paper [2], it is sufficient to consider an equation 
of type: 


(3) AgU = Vu^ ^ + u°‘ + pu, u> 0. 

with, 

Ricci = 0 and p, > 0. 

Part I: The metric in polar coordinates. 

Let (M, g) a Riemannian manifold. We note gx,ij the local expression of the metric g in the 
exponential map centered in x. 

We are concerning by the polar coordinates expression of the metric. Using Gauss lemma, we 
can write: 


g = ds^ = dt^ + 9)d9^d9^ = dt^ + r‘^g^{r, 9)d9^d9^ = gx,ijdx^dxf 

in a polar chart with origin x”, ]0, eo[x U^, with (C/^, ■(/>) a chart of §„_i. We can write the 
element volume: 

dVg = ^J\g^\drd9^ ... d9^~^ = [det{gx,ij)]dx^... dx", 

then. 


dVg = r"' ^ [det{gx,ij)][exp^{r9)]a'‘ {9)drd9^ ... dd" 

where, is such that, dcrs„_i = a'^{9)d9^ .. .dd"“^. (Riemannian volume element of the 
sphere in the chart ([/^, f/') )• 

Then, 

\/\^\ = a'"{9)^[det{gx,ij)]. 

Clearly, we have the following proposition: 
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Proposition 2.1. Let Xq € M, there exist ei > 0 and if we reduce U^, we have: 


\drg’^j{x,r,0)\ + \drdemg'^j{x,r,e)\ < Cr, V x G B{xo,ei) V r G [0,ei], V 6» G J/'". 
and. 


\dr\g’^\{x, r, 0)1 + drdQm\g'^\[x, r, 9) < Cr, V x G B{xq, ei) V r G [0, ei], 'i 9 gU’^. 

Remark: 


[log is a local function of 9, and the restriction of the global function on the sphere 

§„_i, 9r[log yjdet{gx,ij)]. We will note, J(x, r, 9) = s/det{g^^ij). 


Part II: The laplacian in polar coordinates 

Let’s write the laplacian in [0, ei] x U^, 


Y] _ 1 

-A = drr H- dr + 9r [log J\g'"\]dr + 


’■Vm 




We have, 


-A = drr + + dr log J {x, T, 9)dr + —^-^j=d 0 i ^J\^\dQj). 


r - . , 


We write the laplacian ( radial and angular decomposition). 


Ti — 1 

-A = drr H- —dr + l9r [log J(x, r, 9)]dr - ^Srix), 

where A 5 ^( 3 ,) is the laplacian on the sphere Sr{x). 

We set Lg{x, r){...) = r^A5^(2,)(...)[exp^(r0)], clearly, this operator is a laplacian on §„_i 
for particular metric. We write. 


Leix,r) = 

and, 

71 — 1 1 

A = drr - dr + dr[J{x,r, 9)]dr - -Lg{x,r). 

If, u is function on M, then, u{r,9) = M[exp^(r0)] is the corresponding function in polar 
coordinates centered in x. We have. 


71 — 1 1 

(4) — Am = drrU H- drU + dr[J{x, r, 9)]drU - :^Lg(x, r)u. 

Part III: ’’Blow-up” and ’’Moving-plane” methods 
The ’’blow-up” analysis 

Let, {ui)i a sequence of functions on M such that. 


(5) AgU^ + R~gU^ = V^u’^ ^ M j , M j > 0, N = 

It is sufficient to consider an equation of type: 


(6) AgU = Vu^ ^ + m“ + ^M, M > 0. 

with Ricci = 0 and /i > 0. 

We argue by contradiction and we suppose that sup x inf is not bounded. 
We assume that: 

V c, i? > 0 3 Uc,R solution of {E) such that: 
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i?" ^ sup Uc,R X inf Uc,_R > c. (i?) 
B(xo,R) ’ 


Proposition 2.2. There exist a sequence of points {yi)i, Ui —>■ xq and two sequences of positive 

Ui[exp (y)] 

real number {li)i, {Lfi, li —>■ 0, —>■ +c», such that if we consider Vi{y) = - 7 ^^^-, we 


have: 


Uiivi) 


^) 0 < v,iy) <l3i< 2(”-2)/2, p, ^ 1. 


ii) Vi(y) 


{n-2)/2 


, uniformly on every compact set of . 


1 + |yp. 

Hi) X infui +oo 


M 


Proof: 

Without loss of generality, we can assume that: 


V{xo) = n{n — 2). 

We use the hypothesis (H). We can take two sequences Ri > 0,Ri ^ 0 and Ci +oo, such 
that, 

sup Ui X inftti > Ci ^ + 00 . 

B{xo,Ri) ^ 

Let,Xi G such that sup3(2,g^^.) Ui = and Sj(a;) = [Ri—d{x,Xi)]^^~^^^‘^Ui{x),x G 

B{xi, Ri). Then, Xi —>■ xq. 

We have. 


max Si(x) = Si(yi) > Si(xi) = ^^^^Ui(xi) > yff -)> +oo. 

B(xi,Ri) 


Set: 


li = Ri - d{yi,Xi), Ui{y) = u^[expy.{y)], Vi{z) = 

Clearly, yi —>■ xq. We obtain: 


M^expj^. {zl[ui{yi)f/^'^ 2)^] 


i{yi) 


L, = 


k 


(c.)l/ 2 (n- 2 ) 




n—2) _ 


[Sijyi)?/^^ ^l/{n 2) ^ 

^l/ 2 (n- 2 ) - l/ 2 {-a- 2 ) ^ 


If |z| < Li, then y = exp [2/[ui(j/j)]2/(" 2)] g B{yi,5^li) with 6i = 


1 


-'yil"! J - ^\HL,-I-L, ...... — |'^.^l/ 2 (n- 2 ) 

d{y, yi) < Ri- d{yi,Xi), thus, d{y, xf) < R^ and, Si{y) < Si{yi), we can write. 


and 


But, d{y, yi) < Sik, Ri > k and Ri - d{y, yi) > Ri- dik > k- Sik = li{l- Si), we obtain. 


We set. Pi = 


o<„,W = ^< 

UiiVi) 

(n- 2)/2 


k 


1 ("- 2)/2 


1 


1 - (5, 


^*(1 - Si) 
, clearly /3i —>■ 1. 


< 2("-2)/2_ 


The function Vi is solution of: 
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1 


[ex:p {y)]djVi = 


g 


Vi+ViV, 


By elliptic estimates and Ascoli, Ladyzenskaya theorems, {vi)i converge uniformely on each 
compact to the function v solution on R” of, 


(7) 


Au = n{n - 2)v^-\ u(0) = 1, 0 < u < 1 < 2("-2)/2, 


By using maximum principle, we have u > 0 on R", the result of Caffarelli-Gidas-Spruck ( 


see [6]) give, v{y) = 


1 


1 + |2/|^ 


^-2)/2 


. We have the same properties for Vi in the previous 


paper [2]. 

Polar coordinates and ’’moving-plane” method 

Let, 


Wt{t,9) = e^'^ = e^" et a(t/i, f, 6») = log J(t/i, e*, 6»). 

(n + 2) - (n - 2 )q; 

We set S = - -e- —■ 


Lemma 2.3. The function Wi is solution of: 


( 8 ) - dttWi-dtadtWi-L0{yi,e*) + cWi = V^wf ^ + ye^*Wi, 

with. 


, f n — 2\^ n — 2 

c = c{yi,t,0) = j +^—dta. 

Proof: 

We write: 


dtWi = ^ ^ dttWi = 


n — 1. 


n — 2 


dta = e*dr log J(t/i, e\ 0), dtadtWi = [dr log JdrUi] + ^ ^ dtaw^. 

the lemma is proved. 

d b 

Now we have, dta = bi{yi, t, 9) = J{yi, e*, 9) > 0, 

0l 

We can write, 

— ^dttiVhwi) - Lg{yi,e*)wi + [c{t) + bf^^'^b2{t,9)]wi = ViW^~^ + + ye^^Wi, 

VOi 

where, b2{t,9) = dtt{s/K) = ^^dubi - (^tbi)^■ 

Let, 


Wi = ^/hwi, 


N-l 
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Lemma 2.4. The function Wi is solution of: 

-dttWi + Ag (wi) + 2Ve{wf).Ve log{s/h) + (c + - ci)wi = 


(9) 


= y^ 


^ ^ (JV-2)/2 




^ ^^(a-l)/2 


wf + ne‘^*Wi, 


where, C 2 = [^Ag (v^) + |Ve log(v^)|2]. 

^bl "■*’ ’®n-l 

Proof: 


We have: 


-dttWi - \/biAg Wi + {c+ b 2 )wi = Vi 


bi 


(N-2)/2 


W. 


N-1 


+e' 


St 


(a-l)/2 


x&“ + ne‘^*Wi, 


But, 




(s/hWi) = \AlAg 


- 2VeWi.Ve\/h + wiAg 


iVh), 


and. 


Ve(\AiWi) = WiVes/h + Vh'VeWi, 

we deduce than, 

^ 2Ve('l«*).Ve log(\/^) - C2m, 

with C 2 = [-^Ag^ ^ (a/Si) + |Ve log(i/Ei)P]- The lemma is proved. 

The ’’moving-plane” method: 

Let a real number, and suppose < t. We set = 2^i — t and {t, 9) = Wi{t ^', 9). 
We have. 


-dttwf+Ag {wi)+2Ve{wf).Ve\og{^/h)wf + [c{t^*)+b^ .)b2it^')-cf]wl 

"i-®* ‘Sn-1 


(N-2)/2 


= K: 


{wf) + 


+ 6-5* I 7- 

bi 


(a-l)/2 


Wi + 


By using the same arguments than in [2], we have: 


Proposition 2.5. We have: 

1) Wj(Aj,0) - Wi{\i +4,9)>k>0, V 6» G §„_i. 

For all /3 > 0, there exist > 0 such that: 

2) J_e("-2)‘/2 < +f9)< \ft<P,\f9e S„_i. 

C0 
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We set. 


— —dtt{---) + Ag 


(...) + 2V,(...).Ve log(v^) + (c + b-^/h 2 - C 2 )(...) 


Remark: In the operator Zi, by using the proposition 3, the coeficient c 
satisfies: 


u-l/2 


62 - C2 


c-\-h^ ^^^&2 — C2 > fc' > 0, pour t « 0, 

it is fundamental if we want to apply Hopf maximum principle. 

(n + 2)-(n-2)a 

We set S = - - - -i 

2 

Goal: 

Like in [2], we have elliptic second order operator. Here it is Zi, the goal is to use the ’’moving- 
plane” method to have a contradiction. For this, we must have: 


Zi(wf — Wi) < 0, if Wi' — Wi < 0. 


We write: 


Z,iwf - Wi) = (Ag - Ag )(wf) + 

’^n-1 

+2(Vg_^,«. - log(^) + 2VeMwf).V^^^,u [log(^) - log^/^]+ 

+ 2V.{V- Vg^et) logl/^- [{c+b^^^‘^b2 - 02 )^* - {c + b^^^‘^b2 - C2)]wf-f 

/ X iN-2)/2 (N-2)/2 

+v.^‘ - r. (j^) <"-■+ 

+e^*^'bf^ (xcf)“ - -I-wf - e^*ti)i) (* * *1) 

Clearly, we have: 

Lemma 2.6. 

bi{yi,t,0) = 1 - ^Ricciy^{9,9)e‘^* + 

Rg{yi)\(^ > e* +.... 

According to proposition 1 and lemma 3, 

Proposition 2.7. 

- m) < i(e‘ - )^-i) + (l/2)(e^*^‘ - e^‘)(4‘)“+ 


+C\e^* - I [iVetFf I + |V^(wf )| + o(l)[wf + (wf ^ -f (wf)“] + ywf 


Proof: 


We use proposition 1, we have: 

a{yi,t,9) = log J(j/i,e‘,6») = log&i, \dtbi{t)\ + \dttbi{t)\ + \dtta{t)\ < Ce^\ 

and. 


\dgjbi \ + \dgj^g^bi \ + dt^g^bil + \dt,gj,gf,bi \ < Ce^ 


then. 
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\dtbi{t^') - dtbi{t)\ < C'le^* - on ] - oo,logei] x S„_i,V x G B{xo,ei) 

Locally, 


A 




Thus, in [0, ei] x [/^, we have, 
1 


A,= 


.vlFl 

then, Ai = Bi + Di with. 






{wf) 


B, = 


{e\e) \ dgigjwf{t,0) 


and. 


D, = 


1 


Vm{e*'\d) 

we deduce. 


dg.[f^\e*^\0)^\ie^^\e)] - -^=l^^dg.[f^\e\0)^\{e\0)] 


dgjwf {t,0), 


A,<Ck\e^^ 


|V,tnf| + |V^(tcf)| 


We take C = maxlQ, 1 < t < (?} and if we use (* * *1), we obtain proposition 4. 

We have: 

-A Ci 


w' 


g(n—2)[(A—Ai) + (A—1)]/2^^ I'glA—Ail + IA—t)gj 


Also: 




yjX g(n—2) [(A —Ai) + (A—1)]/2^^ —+ —*) 


<Ci 


where Ci tends to 0 and does not depend on A. 
We have. 


c{y„t,0) = +^^^-^dta +Rge^\ (oi) 

b2it,0) = dttiVh) = ^^dttbi - (« 2 ) 

C 2 = (a/^) + |Velog(\/^)P], ( 03 ) 


Then, 


dtc{yi,t,0) = - TT^dtta, 


by proposition 1, 


We have: 


\dtC2\ + \dtbi\ + 19(621 + |9(c| < Kie 


2t 


j(2^i ~ t,0) — Wi[{^i — t + — Xi — 2) + (Ai + 2)], 


Thus, 


w. 


■Mi -t, 0 )= e[("-2)te-‘+«^-^.-2)]/2gn-2g^[0g2g(«(-t) + (L-A(-2)] < ^(n- 2 )/ 2 ^n -2 ^ - 


8 



(n + 2)-(n-2)a 

We set S = - - - -i 

2 

The left right side are denoted Zi et Z 2 , we can write: 


and. 


^2 = e^‘[(ti)f)“ - (ti).)“] + (wf - e^‘). 

We can write the part with nonlinear terms as: 

(wf‘)°'[(Awf' +-B) (e* — ) + c (e*^*^* — e'^*)]. 

Because wf‘ < c, we have: 


-Z,((id,)i^-(wi)) < (e‘-e‘'^)+c -e^‘)]+(rD,)«^(p/2)(e2‘'^-e^*)] 

n n + 2 n + 2—(n — 2)a 


But a el 


n — 2 n — 2 
We obtain for t < to < O' 


,S = 


G]0,1[. 


e‘ < pour tout t < to- 

and, < t {^i < t), we integrate: 




Finaly: 


We apply proposition 3. We take ti = logy/li with li like in proposition 2. The fact 

2 

t +00 ( see proposition 2), implies ti = log y/k > -- \ogUi{yi) + 2 = 

n — 2 

Xi + 2. Finaly, we can work on ] — 00 , fi]. 

We define ^i by: 

= sup{A < Ai + 2, Wi(2X — t,6) — Wi(t, 0) < 0 on [A, U] x §„_i}. 

If we use proposition 4 and the similar technics that in [B2] we can deduce by Hopf maximum 
principle, 

min Wi(ti, 9) < max Wi (2^* — ti,9), 

Sn—1 §n—1 

which implies, 

^ ("-2)/2 ^ X minui < c. 

M 

It is in contradiction with proposition 2. 

Then we have. 


sup u X inf u < c = c(a, a,b,A,K, M, g,n). 

K M 
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